A GEOMETRIC PERSPECTIVE ON THE BREUIL MEZARD 

CONJECTURE 



MATTHEW EMERTON AND TOBY GEE 



Abstract. Let p > 2 be prime. We state and prove (under mild hypotheses on 
the residual representation) a geometric refinement of the Breuil— Mezard con- 
jecture for 2-dimensional mod p representations of the absolute Galois group 
of Qp. We also state a conjectural generalisation to n-dimensional represen- 
tations of the absolute Galois group of an arbitrary finite extension of Qp, 
and give a conditional proof of this conjecture, subject to the existence of an 
inertial local Langlands correspondence and a certain R = T-type theorem to- 
gether with a strong version of the weight part of Serre's conjecture for rank n 
unitary groups. 



1. Introduction 

Our aim in this paper is to revisit the Breuil-Mezard conjecture [BM02] from a 
geometric point of view. Let us explain what we mean by this. First recall that 
the Breuil-Mezard conjecture posits a formula (in terms of certain representation- 
theoretic data) for the Hilbert-Samuel multiplicity of the characteristic p fibre of 
certain local Zp-algebras, namely those whose characteristic zero fibres parameter- 
ize two-dimensional potentially semistable liftings of some fixed continuous two- 
dimensional Galois representation r : Gq^ GL2(F), where F is a finite field of 
characteristic p (the so-called potentially semistable deformation rings constructed 
in [KisOSj ). One way in which a local ring can have multiplicity is if its Spec has 
more than one component: if its Spec is the union of n irreducible components, 
each with multiplicities fii (i — 1, . . . ,n), then the multiplicity of the entire ring 
will be J2i l^i- Our goal is to both explain and refine the Breuil-Mezard conjecture 
in these terms, by precisely identifying the irreducible components of the various 
rings involved, in representation-theoretic terms, as well as to determine their mul- 
tipHcities. 

To be somewhat more precise, after recalling some background material in Sec- 
tion [21 in Section 13] we consider the case of two-dimensional representations of Gq , 
as introduced above. In this case the Breuil-Mezard conjecture is a theorem of 
Kisin |Kis09a) (under very mild assumptions on f), and we are able to strengthen 
Kisin's result so as to prove our geometric refinement of the conjecture. (We give a 
more detailed description of our results in this case in Subsection 11.11 below. ) The 
possibility of such an extension is strongly suggested by the recent paper [BMllj , 
and our results may be viewed as a sharpening of the results of loc. cit. (see Remark 
ll.l.QI below). In Section|4]we propose an extension of the Breuil-Mezard conjecture. 
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and of our geometric refinement tlicrcof, to tfie case of n-dimensional representa- 
tions of G_R-, for any finite extension K of Qj, and any positive integer n. Finally, 
in Section [Sj we explain how the arguments of Section [3] may be extended to the 
case of n-dimensional representations, so as to prove an equivalence between the 
Breuil-Mezard conjecture (extended to the n-dimensional case) and its geometric 
refinement, under the assumption of a suitable R = T-type theorem, together with 
a strong form of the weight part of Serre's conjecture for rank n unitary groups, and 
an inertial form of the local Langlands correspondence. In an appendix we establish 
a technical result that allows us to realize representations of local Galois groups as 
restrictions of representations of global Galois groups that are automorphic. 

1.1. Summary of our results in the case of two-dimensional represen- 
tations of . We now explain in more detail our geometric refinement of the 
original Breuil-Mezard conjecture. To this end, we fix a finite extension E of Qp, 
with ring of integers O, residue field F, and uniformizer tt. As above, we also fix a 
continuous representation f : Gq^ — >■ GL2(F), and we let i?'-'(f) denote the universal 
lifting ring of r over O. If m, n are integers with n > and r is an inertial type de- 
fined over then we may consider the subset of Spec i?'-' (f) [l/p] consisting of those 
closed points that correspond to lifts of f to characteristic zero which are potentially 
semistable with Hodge-Tatc weights (m, m -I- n -I- 1) and inertial type r. (We adopt 
the convention that the cyclotomic character has Hodge- Tate weight 1, though we 
caution the reader that this convention does not remain in force for the entire pa- 
per; see Section [T73l for the precise conventions we will follow.) In |Kis08j . Kisin 
proves that there is a reduced closed subscheme Spec i?'-'(m, n, r, f) of Spec i?^(f) 
such that this subset is precisely the set of closed points of Spec {m,n,T,f) [1 /p] \j 
The Breuil-Mezard conjecture addresses the problem of describing the characteris- 
tic p fibre of Spec R'^ {m,n,T,f), i.e. the closed subscheme Spec R^ (m, n, r, r) /vr of 
Spec i?'^(f)/7r. More precisely, the conjecture as originally stated in |BM02] gives a 
conjectural formula for the Hilbert-Samuel multiplicity of this local scheme. This 
conjecture was proved (under very mild assumptions on r) in [KisOQal . In this paper 
we will prove a more precise statement, namely we will identify the underlying cy- 
cle of Spec i?'-'(m, n, T, f)/7r; that is, we will describe the irreducible components of 
this scheme, and the multiplicity with which each component appears. To explain 
this more carefully, suppose first that X is any Noetherian scheme. If Z is a closed 
subscheme of X, and p is any point of X, then we may definethe (Hilbert-Samuel) 
multiplicity e{Z,p) of Z at p to be the Hilbert-Samuel multiplicity of the stalk 
Oz,p- Suppose now that Z is equidimensional of dimension d. If a is a point of 
X of dimension d (i.e. whose closure {a} is of dimension d), then the stalk Oz,a is 
either zero (if a ^ Z) or an Artinian local ring (if a e Z, i.e. if a is a generic point 
of Z, or, equivalently, if {a} is an irreducible component of Z), and the multiplic- 
ity e(Z, a) is simply the length of Oz,a as a module over itself, a quantity which 
can be interpreted geometrically as the multiplicity with which the component {o} 
appears in Z. Since Z contains only finitely many generic points, the formal sum 
Z{Z) ^)'^ is well-defined as a d-dimensional cycle on X, and we refer to 



^In fact, in IKisOSI Kisin also fixes the determinant of the lifts that he considers, but wc will 
suppress this technical point for now. 
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it as the cycle associated to Z. If p is any point of A", then one has the formula 
(1.1.1) e(Z,p) = ^e(Z,a)e((W),p) 

a 

(where again the sum ranges over points a of dimension d), allowing us to compute 
the multiplicity of Z at any point in terms of its associated cycle. We are interested 
in the case when X := Spec i?'-'(f )/7r (an 8-dimensional Noetherian local scheme) 
and Z :— Spec R^{m,n,T,f)/n for some m, n, r. It is a theorem of |Kis08| that 
each of these closed subschemes Z is equidimensional of dimension 5, and so we 
may define the associated cycles Z (Spec {m,n,T,f) /tt) . Using this construction, 
we may in particular define a certain cycle on Spec (f) / tt attached to each Serre 
weight of f . 

_ 2 

1.1.2. Definition. If cr is a Scrre weight of r, write a — Om.n '■— det™ Sym"Fp for 
integers to, n such that < « < and define Cm,n '■— ^(Spec RP{'m, n, 1, r)/7r) . 
(To be unambiguous, one could insist that to is chosen so that < m < p — 
2. However, the subscheme Spec i?'-'(TO, n, 1, f)/7r is in fact independent of the 
particular choice of to used to describe a.) 

The following proposition describes these cycles quite explicitly. 

1.1.3. Proposition. Assume that the Breuil-Mezard Conjecture {i.e. Conjecture 
13.1.11 below) holds for f. 

(1) // r is irreducible and am,n is a Serre weight of f, then Cm,n consists 
of a single component, which has multiplicity one at the closed point of 
Spec i?°(f)/7r. 

(2) // (Tm,n is a Serre weight of f .such that n < p — 2, or n = p — 2 and f is 
a non-split extension of distinct characters, then Cm,n consists of a single 
component, which has multiplicity one at the closed point of Spec R^ (f) / tt . 

(3) // r is reducible and am n is a Serre weight of f with n = p — 1, so 

that r I / ^ „ „ , then if * is peu ramifiee then Cm n is a sum 

^ \ U UJ J ' 

of two components, each having multiplicity one at the closed point of 

Spec R^ (f) / TT . If* is tres ramifiee thenCm,n is a single component, having 

multiplicity one at the closed point of Spec R^ (f) / tt . 

(4) // i7m,n is a Serre weight of f with n = p — 2 and f is split and p- 
distinguished, then Cm,n is a sum of two components, each having mul- 
tiplicity one at the closed point of Spec R^ (f) / tt . 

(5) // am,n is a Serre weight of f with n — p ~ 2 and f has scalar semisimpli- 
fiction, then Cm.n consists of a single component. 

(6) If am,n cindarn',n' CL^c distinct Serre weights off, thenCm,n o-ndCm'.n' have 
disjoint support, except if m = m' , n — and n' = p — 1 [possibly after 
interchanging am,n and c^m' ,n'), in which case Cm,n is equal to a component 

of Cm' ,n' • 

We remark that by the results of |Kis09a| . the hypothesis of the preceeding 
proposition holds for most f. 

We make one more definition before stating our main theorem. 
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1.1.4. Definition. Given integers a, b with 6 > and an inertial type r, let (t(t) 
denote the representation of GL2(Zp) associated to t via Henniart's inertial lo- 
cal Langlands correspondence, write cr(a, 6, t) := (T(r) (g) det" Sym^i^^, and let 
a{a, b, t) denote the semi-simplification of the reduction mod tt of (any) GL2(Zp)- 
invariant O-lattice in cr(a,6,T). (The representation so obtained is well-defined 
independent of the choice of invariant lattice.) 

We may now state our geometric refinement of the Breuil-Mezard conjecture. 

1.1.5. Theorem. Suppose that 




for any character x- integers m, n with n >Q and an inertial type t, and for 
each Serre weight am,n off, let am.n denote the multiplicity with which a^.n appears 

— 7 

as a constituent of a{a, b, r) . Then we have the following equality of cycles: 
Z(Spec i?°(a, &, r, f)/7r) =^am,„Cm,„. 

m,n 

1.1.6. Remark. The usual form of the Breuil-Mezard conjecture, as stated in 
|BM02| and proved in |Kis09a) . can be recovered from this result by applying the 
formula (|l.l.ip . and using the explicit description of the cycles Cm,,n provided by 
Proposition 11.1.31 

1.1.7. Remark. The hypothesis on r in Theorem ll.l.Sl is slightly weaker than that 
made in the analogous result in |Kis09a| . This is due to our use of potential modu- 
larity theorems to realise local representations globally, which is more flexible than 
the construction of |Kis09aj using CM forms. We remark that Paskiinas has re- 
proved Kisin's results by purely local means under a similarly weakened hypothesis 
on f . 

1.1.8. Remark. Theorem ll.l.Sl is proved via a refinement of the global argument 
made in [KisOQaj . and uses the local arguments of |Kis09a| (using the p-adic Lang- 
lands correspondence) as an input. In particular, it does not give a new proof of 
the usual form of the Breuil-Mezard conjecture. 

1.1.9. Remark. In the recent sequel |BMllj to their paper |BM02| . Breuil and 
Mezard have constructed, for generic f , a correspondence between the irreducible 
components of Spec R^{a,b,T,f)/n and the Serre weights. We show (in Subsec- 
tion 13.41) that this coincides with the correspondence am,n '-^ Cm,n- (Note that 
when f is generic in the sense of |BMllj . each cycle Cm,n consists of a single com- 
ponent.) Thus our results may be reviewed as a refinement of those of [BMlll . We 
also note that in |BMllj . the authors proceed by refining the local arguments of 
|Kis09aj ■ while (as already noted) in this note we proceed by refining the global 
arguments of loc. cit. Thus the approaches of [BMll] and of the present note may 
be regarded as being somewhat complementary to one another. 

1.1.10. Remark. In the paper |GK11] . similar techniques to those of this paper 
were used to prove the Breuil-Mezard conjecture for two-dimensional potentially 
Barsotti-Tate representations of Gk-, under the assumption that K/Qp is unram- 
ified. The key additional ingredients which are available in that case, but not in 
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general, are the automorphy lifting theorems for potentially Barsotti-Tate repre- 
sentations proved in |Kis09bj and |Gee06j . and the weight part of Serre's conjecture 
for rank two unitary groups proved in [BLGGllb' . The arguments of the present 
paper are in large part based on those of GKllj . which in turn relies on the strat- 
egy outlined in |KislO| : in particular, our implementation of the patching argument 
for unitary groups is simply the natural adaptation of the arguments of [GKllj to 
higher rank unitary groups. 

1.2. Acknowledgments. The debt that the arguments of this paper owe to the 
work of Mark Kisin will be obvious to the reader; in particular, several of our main 
arguments are closely based on arguments from [Kis09_aJ , [KislO] and [GK11| . We 
are also grateful to him, as well as to Christophc Breuil, for helpful comments on 
an earlier draft of this paper. We would like to thank Florian Herzig for helpful 
conversations about the representation theory of GL„(Fg), and Tom Barnet-Lamb 
and David Geraghty for helpful conversations about the material in Appendix El 

1.3. Notation. If if is a field, we let Gk denote its absolute Galois group. We 
write all matrix transposes on the left; so is the transpose of A. Let e denote the 
p-adic cyclotomic character, and e = w the mod p cyclotomic character. We let w 
denote the Teichmiiller lift of w. If ii' is a finite extension of Qp for some p, we write 
Ik for the inertia subgroup of Gk- We let ui2 denote a choice of a fundamental 
character of /q^ of niveau 2. If i? is a local ring we write for the maximal ideal 
of i?. If F is a number field and w is a finite place of F then we let Frob„ denote a 
geometric Frobenius element of G'f„- If -fC is a p-adic field and p a continuous de 
Rham representation of Gk over and ii t : K ^ then we will write HT,- (p) 
for the multiset of Hodge-Tate numbers of p with respect to r. By definition, if W 
is a de Rham representation of Gk over and if t : X Qj, then the multiset 

HTt-(VF) contains i with multiphcity dim^ {W ®t,k K{i))^^ . Thus for example 
HTT-(e) = {—1}. We will use this convention throughout the paper, except in 
Section |3l where we will use the opposite convention that e has Hodge-Tate weight 
1. We apologise for this, but it seems to us to be the best way to make what we write 
compatible with the existing literature. Let be a finite extension of Qp, and let rec 
denote the local Langlands correspondence from isomorphism classes of irreducible 
smooth representations of GL„ (K) over C to isomorphism classes of n-dimensional 
Frobenius semisimple Weil-Deligne representations of Wk defined in ' HTOlj . Fix 
an isomorphism i : — )• C such that i\ ■ |^/^ is valued in M>o. We define the local 
Langlands correspondence reCp over by z o reCp = rec o %. This is independent 
of the choice of i. We let Art^f : be the isomorphism provided by local 

class field theory, which we normalise so that uniformisers correspond to geometric 
Frobenius elements. We will write 1 for the trivial n-dimensional representation of 
some group, the precise group and choice of n always being clear from the context. 

2. Background on multiplicities and cycles 

In this preliminary section we provide details on the notions of multiplicities and 
cycles that we outlined in the introduction. 

2.1. Hilbert— Samuel multiplicities. Recall that if A is a Noetherian local ring 
with maximal ideal m of dimension d, and M is a finite ^-module, then there is 
polynomial P^{X) of degree at most d (the Hilbert-Samuel polynomial of M), 
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uniquely determined by the requirement that for n ^ 0, the value P^{n) is equal 
to the length of M/m"+^M as an ^-module. 

2.1.1. Definition. The Hilbcrt- Samuel multiplicity e{M,A) is defined to be d\ 
times the coefficient of X"^ in P^{X). We write e(^) for e{A, A). 

Note in particular that if A is Artinian, then e(M, A) is simply the length of M 
as an A-module. 

2.2. Cycles. Let X he a, Noetherian scheme. 

2.2.1. Definition. (1) Let be a coherent sheaf on X, and write Z to denote 

the schcmc-thcorctic support of M. (i.e. Z is the closed subscheme of X cut 
out by the annihilator ideal X C Ox oi M.). For any point a; G A', we write 
e(A^,x) to denote the Hilbert-Samuel multiplicity e{Mx,Oz,x)- 
(2) If Z is a closed subschema of <Y, then wc write e{Z,x) := e{Oz,x) for all 
X G X. (Note that Z coincides with the scheme-theoretic support of Oz, 
and so by definition this is equal to the multiplicity e{Oz,x) of the local 
ring Oz,x H x G Z, and zero otherwise.) 

2.2.2. Remark. In some situations the multiplicity e{A4,x) is particularly simple 

to describe. 

(1) If X does not lie in the support of M, i.e. if Mx = 0, then e{M,x) = 0. 

(2) If X is a generic point of the scheme-theoretic support Z oi M (so that 
Oz,x is an Artinian ring), then e{M,x) is simply the length of A^x as an 
Oz,x-^odule. 

2.2.3. Definition. (1) We say that a point a; G X is of dimension d, and write 

dim(a;) = d, if its closure {x} is of dimension d. 

(2) A d-dimensional cycle on X \ss. formal finite Z- linear combination of points 
of X of dimension d. 

(3) We write X >Q \i X \s uv fact a Z>o-linear combination of points of X of 
dimension d, and we write X>y\iX — y>0. 

2.2.4. Definition. If .Z = ^ TlxX IS cl d-dimensional cycle on X, then for any 

dim(x)— d 

point y € X, we define the multiplicity e{Z, y) via the formula 

(^{Z,y)~ 51 nxe{{x),y). 

dim(x)— d 

(Here {x] denotes the closure of the point a;.) 

2.2.5. Definition. (1) If d > is a non-negative integer, and A1 is a coher- 

ent sheaf on X whose support has dimension < d, then we define the d- 
dimensional cycle Zci{A4) associated to A4 as follows: 

Zd{M):= <-M,x)x, 

dim(x)—d 

where, as indicated, the sum ranges over all points of X of dimension d. 
(Our assumption on the support of M. ensures that any point of dimension 
d lying in the support A4 is necessarily a generic point of that support, and 
there only finitely many such points lying in the support of A4. Thus all 
but finitely many terms appearing in the definition of Zd{Ai) vanish, and 
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SO it is in fact well-defined. Note also that, if we let Z denote the scheme- 
theoretic support of yV4, then by Remark 12.2.21 the multiplicity e(A^, x) is 
simply the length of A^^; as an O^.^j-module.) 

(2) If the support of M is finite-dimensional of dimension d, then we write 
simply Z{M) := ZaiM). 

(3) If Z is a closed subset of X, then we write Zd{Z) :— Zd{Oz), and denote 
this simply by Z(Z) if Z is finite-dimensional of dimension d. 

2.2.6. Remark. If Z is equidimensional of some finite dimension d, then Z{Z) 
encodes the irreducible components of Z, together with the multiplicity with which 
each component appears in Z. 

2.2.7. Lemma. // — > Ai' Ai M." is an exact sequence of coherent 
sheaves on X , such that the support of A4 is of dimension < d {or equivalently, 
such that the supports of each of A4' and Ai" are of dimension < d), then 

Zd{M)^ Zd{M') + Zd{M"). 

Proof. Let Z (resp. Z' and Z") denote the support of Ai (resp. of Ai' and Ai"), so 
that Z = Z' \JZ" . As already noted in the statement of Definition l2.2.51 if a; e A" is 
of dimension d, then e{AA,x) (resp. e(y\/(',a;), resp. e(A4",a;)) is simply the length 
of A\x as an O^r ^j-module (resp. the length of hA'^ as an O^'.^-module, resp. the 
length of as an 02".a:-inodule). Since each of Oz' ,x and Oz" ,x is a quotient 
of Oz,x, the claimed additivity of cycles follows from the additivity of lengths in 
exact sequences. □ 

We now prove formula (ll.l.ip stated in the introduction. 

2.2.8. Lemma. If M. is a coherent sheaf on X with support of dimension d, and if 
Z{A4) is the cycle associated to Ai, then for any point y G X , we have the formula 

e{M,y)^e{Z{A4),y). 

Proof. This follows immediately from Theorem 14.7 of |Mat89] . □ 

We now establish a cycle-theoretic version of jKisOQai Prop. 1.3.4], whose proof 
follows the same lines as the proof of that result. 

2.2.9. Lemma. Let X be a Noetherian scheme of finite dimension d, and let f G 
Ox{X) he regular {i.e. he a non-zero divisor in each stalk of Ox)- If Ad is an 
f -torsion free coherent sheaf on X which is supported in dimension d — 1, then 
A4/ fA4 is supported in dimension d — 2. 

Proof. Since AA is /-torsion free, no generic point of Supp(7W) is contained in V{f). 
Thus Supp(A4//A4) is of dimension < d — 2, as claimed. □ 

2.2.10. Lemma. Let X he a Noetherian integral scheme of finite dimension d, and 
let f G Ox{X) he non-zero. If Ai is an f -torsion free coherent sheaf on X which 
is generically free of rank one, then Zd-i{A4/ fA4) — Z(V{f)). 

Proof. Let x be the generic point of X, and ix : Spec k{x) — X the canonical map. 
By assumption Aix is one-dimensional over k{x), and so we may find a morphisni 
of quasi-coherent sheaves A4 — {ix)*K{x) whose kernel Ai' is torsion. The image 
A4" of this morphism is a coherent subsheaf of {ix)*i'i{x), and hence is contained 
in an invertible sheaf C. Let C denote the cokernel of the inclusion Ai" ^ C 
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Consider first the exact sequence 

All the terms in this sequence are /-torsion free, and so 

^ M'/fM' M/fM M"/fM" 

is again exact. Lemma [2.2.91 shows that Zd-i{M' / fA4') = 0, and Lemma [2.2.71 
then implies that 

(2.2.11) Zd-i{M/fM) = Zd-i{M"/fM"). 

Next consider the exact sequence — > C[f] CJ ^ C! ^ CJ I i CJ 0. Since all 
the terms in this exact sequence are torsion, and so supported in dimension d — 1, 
we see from Lemma [2.2.71 that 

(2.2.12) ^<i-i(/:'[/]) = Zd_i(/:7//:')- 

Finally, consider the exact sequence O-^-A^"— s>£— ?>0. The first two 
terms in this sequence are /-torsion free, and so it induces an exact sequence 
^ £'[/] ^ M" IjM" C/fC C'/fC 0. Again applying Lemma HXZl 
together with (|2.2.12l) . we find that Zd-i{M"/fM") = Zd^i{C/fC). Combining 
this with (|2.2.11l) . together with the fact that C is an invertible sheaf, we find that 
Zd-iiM/fM) = Z{V{f)), as required. □ 

2.2.13. Proposition. Let X be a Noetherian scheme of finite dimension d, and 
f 6 Ox{X) he regular {i.e. he a non-zero divisor in each stalk of Ox)- If M. is 
an f -torsion free coherent sheaf on X, and if Zd{M.) — X]dim(x)=d ""s^-^' ^here, as 
indicated, x runs over the d-dimensional points of X, then the support of M./ fM. 
has dimension < d ~ 1, and 

Zd-i{M/fM)= n,,Zd-i({x\nV{f)). 

dim{x)—d 

Proof. We argue by induction on the quantity n := X]dima;=(i "-a;, with the case 
when n = being handled by Lemma [2.2.91 Suppose now that n is an arbitrary 
positive integer, and choose x of dimension d such that Ux > 0. We may then find a 
non-zero surjection A4x k{x) (since by definition Ux is the length of A^x), which 
induces a non-zero map of quasi- coherent sheaves Ai — > {ix)*K{x) (where i^ is the 
canonical map Spec k{x) — X). Let A4' denote the kernel of this map, and M" its 
image, so that the sequence 0— i>A^'— i>A^^>A^"— i>Ois exact. 

The sheaf A4' is /-torsion free (since it is a subsheaf of A4) while the sheaf 
M" is /-torsion free, supported on {x}, and generically free of rank one over this 
component (being a non-zero coherent subsheaf of {ix)*K{x)). Thus we obtain a 
short exact sequence 

^ M'/fM' M/fM M"/fM" 0, 

and Lemmas 12.2.71 and 12.2.101 show that 

Zd-i{M/fM) = Zd-i{M'/fM') + Zd-i{M"/fM") 

= Zd-i{M//fM') + n V^(/)). 

The proposition follows by induction. □ 
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We close this section with a resuh about the product of cycles. In fact, we will 
need to apply such a result in the context of a completed tensor product of complete 
Noetherian local fc-algebras, for some field k (which is fixed for the remainder of 
this discussion), and so we restrict our attention to that particular context. 

Note that if A and B are complete Noetherian local fc-algebras, and if p and q 
are primes of A and B respectively, such that A/p is of dimension d and B/q is 
of dimension e, then A/p(S)kB/q is a quotient of A(E)kB of dimension d + e. Hence 
Spec A/}3(g)fci?/q is a closed subscheme of Spec A(E)kB of dimension d + e, and we 
write 

Z(SpecA/p) X Z(SpecB/q) Z(Spec A/pgfcB/q), 

and then extend this by linearity to a bilinear product from rf-dimensional cy- 
cles on Spec A and e-dimensional cycles on Spec _B to rf + e-dimensional cycles on 
Spec A^kB. 

If AI and N are finitely generated A- and S-modules respectively, giving rise to 
coherent sheaves A4 and JV on Spec A and Spec B respectively, then the completed 
tensor product M(E)kN gives rise to a coherent sheaf on Spec^^^S, which we 
denote by M^Af. 

2.2.14. Lemma. In the context of the preceding discussion, if the support of A4 
and M are of dimensions d and e respectively, then the support of AdMAf is of 
dimension d + e, and 

Zd+e{MMAf) = Zd{M) X Z,{N). 
Proof. The proof is standard. □ 

3. The geometric Breuil-Mezard Conjecture for two-dimensional 

REPRESENTATIONS OF Gq^ 

In this section we explain the Breuil-Mezard conjecture in its original setting, 
that of two-dimensional representations of Gq , and state our geometric version. 
We then recall some of the details of the proof of the original formulation of the 
conjecture from [KisOQaj . and show that the proof may be extended to prove the 
geometric version. The one difference from Kisin's notation and that of the present 
paper is that we prefer not to fix one of the Hodge-Tate weights of our Galois rep- 
resentations to be 0; this makes no essential difference to any of the arguments, but 
the additional flexibility that this notation gives us is convenient in the exposition. 
We remind the reader that in the section, our conventions for Hodge-Tate weights 
are that e has Hodge-Tate weight 1. 

3.1. The conjecture. We begin by recalling some notation from |Kis09a| . Fix a 

prime p > 2, a finite extension F/Fp, and a continuous representation f : Gq 
GL2(F). Let E he a finite totally ramified extension of VF(F)[l/p] with ring of 
integers O and uniformiser tt, assumed sufficiently large; in particular, we assume 
that #F > 5, so that PGL2(F) is a simple group. Let r : Iq^ GL2(-B) be an 
inertial type, i.e. a representation with open kernel which extends to Wq^ . Fix 
integers a, b with 6 > and a character tp : Gq^ such that — detf. We 

will also write -ip for the character (A^)^/F^ — > corresponding to ip via class 
field theory, normalised as in SectionO We let i?°''^(a, 6, r, f) and R°''''{a, b, r, r) 
be the framed deformation O-algebras which are universal for framed deformations 
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of f which have determinant ipe, and are potentiaUy semistable (respectively po- 
tentially crystalline) with Hodge-Tate weights (a, a + 6 + 1) and inertial type r. As 
in Section 1.1.2 of fKi s09a] . we let (t(t) and o'crl''') denote the finite-dimensional 
irreducible .E-representations of GL2(Zp) corresponding to r via Henniart's iner- 
tial local Langlands correspondence, we set cr{a, b, r) = <j{t) <S$e det" Sym''_B'^ and 
cr"(a, 6, r) — o-'^'^(r) (8)_e det'' Sym^'ii^^, and we let La^b,T (respectively L'^\ be a 
GL2(Zp)-stable O-lattice in a{a,b,T) (respectively cr"{a,b,T)). Write (Tm.n for the 
representation det" ^Sym^F^ of GL2(Fp), < m < p - 2, < n < p - 1, so we 
may write 

{La,b,T ®0 ®m,n(^'!T,n J 

and 

for some integers am,m o,m n- Then the Breuil-Mezard conjecture is the following. 

3.1.1. Conjecture. There are integers /im,n(^^) depending only on m, n and f such 
that for any a, b, t, 

e{R°''^{a,b,T,f)/TT) = ^ am_„/Ltm,„(f), 

and 



e(i?°/(a,6,T,f)/7r) - ^1 



m , n 



3.1.2. Remark. Note that if the conjecture is true for all a, b, r, then we must 
have fim,n{r) = e(i?^''^(m, n, 1, f)/7r), so all the values fJ.rn,n{r) are determined by 
the crystalline deformation rings in low weight. 



3.1.3. Remark. Coni ecture 13.1.11 was proved in |Kis09a) under the additional as- 
sumptions that 7^ ( q I Xi s-nd that if r has scalar semisimplification 
then f is scalar. 

We may now state our geometric version of the Breuil-Mezard conjecture. 

3.1.4. Conjecture. For each < m < p — 2, < n < p — 1 there is a cycle Cm,n 
depending only on m, n and f such that for any a, b, r, 



Z(i?°^^(a, b, T, f)/TT) = 



3.1.5. Remark. Note again that if the conjecture is true for all a, b, t then we 
must have Cm,n — Z{R^^:^{m,n,l,f)/TT). 

The following is our main result towards Conjecture 13.1.41 

3.1.6. Theorem. If f ^ *j for any x, then Coniecture \3.1A\ holds forf. 
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3.2. The proof of Theorem 13.1.61 via patching. In this subsection we present 
tlie proof of Tlieorem 13.1.61 To tliis end, we fix a continuous representation f : 
— !> GL2(F). We begin by realising this representation as the restriction of a 
global Galois representation, by a similar (but simpler) argument to those of Section 
5 of |GK11) . 

3.2.1. Proposition. There is a totally real field F and a continuous irreducible 
representation p : Gi? — > GL2(F) such that 

(1) p splits completely in F; 

(2) p is totally odd; 

(3) XGf) = GL2(F); 

(4) if V \ p is a place of F then p\gf unramified; 

(5) if v\p is a place of F then p|gf — ^/ 

(6) [F : Q] is even; 

(7) p is modular. 

Proof. By Proposition 3.2 of |CallO| . we may find F and p satisfying all but the last 
two conditions. By Proposition 8.2.1 of |Sno09) . there is a finite Galois extension 
F' / F in which all places above p split completely such that pIg^/ is modular. 
Making a further quadratic extension if necessary to ensure that [F' : Q] is even, 
and replacing F with F' , we obtain the required result. □ 

For the remainder of the subsection, we follow the arguments of |Kis09a[ §2.2] 
very closely, and we do our best to conform with notation used there. 

We choose a finite set S of finite places of F, containing all the places v\p and at 
least one other place. Using [KisOQal Lem. 2.2.1], we can and do choose S so that 
conditions (l)-(4) of |Kis09al §2.2] hold. 

We denote by D the quaternion algebra with centre F which is ramified at all 
infinite places of F and unramified at all finite places (so the set S considered in 
|Kis09a| §2.1.1] is empty). We fix a maximal order Od of D, for each finite place 

V we choose an isomorphism {Od)v M2{Of^), and we define U — Yiv^v C 
{D ®F A"^)^ to be the following compact open subgroup of Yly{OD)v- if v\p or 

V ^ S then Uv = {Od)v , while if v G S* but v ] p, then [/„ consists of the matrices 
which are upper-triangular and unipotent modulo Wv, where zuv is a uniformiser 
of Fy. The subgroup U is sufficiently small in the sense of |Kis09al §2.1.1]. 

We write Sp for the set of places v\p oi F (since S is empty, this is consistent with 
[Kis09a) ). For each v\p, we let i?,^''^ (p|gf^, ) denote the universal framed deformation 
O-algebra for p|gf„ with determinant ipe, and we define 

Rao := ^y\p^oR^''^ip\GpJ[[xi, . ■ . ,Xg]], 

where xi,...,Xg are formal variables, and the integer g is chosen as in |Kis09a[ 
Prop. 2.2.4]. 

For each place v\p of F, we choose integers a^, by with by > 0, together with an 
inertial type Ty, and let * be either cr or nothing (the same choice of * being made 
for all v\p). We assume that 2a „ + by is independent of v. We writ^l 

R'oO ■= '^v\p,0R?''^{aV,by,Ty,p\GpJ[[Xl, . . . ,Xg]]. 



^The ring R'^ is denoted Roo in IKisOQa]. It of course depends upon the particular choices of 
ay, by, Tv and * , although (following ,Kis09a| ) we do not indicate this in the notation. 
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If we write Wa ■— 'SSvlpL'^ b t ' then Wa is a finite free O-module with an 
action of Htiij, C'L2(C'f„), and the quotient Wa/nWa is then a representation of 
Y[v\p G'L2(C'f„) over F. Fix a Jordan-Holder filtration 

= io C ■ • • C = WJttW^ 
of Wcr/nWcr by J|^|p GL2(0_F^)-subrepresentations. If we write cr^ := Li/Li^i, 
then CTi = det™" ' Syni"" 'F^ for some uniquely determined integers myj e 
{0,...,p-2} and n^^i G {0, . . . ,p - 1}. 

The patching construction of |Kis09a[ § 2.2.5] then gives, for some integer denoted 
hy h + j in [Kis09a) , and formal variables yi , . . . , yh+j , 

• an {R'^,0[[yi, y/i+j]])-bimodule Moo, finite free over 0[[yi, yh+j]], 
and 

• a filtration of Moo/7rAfoo, say 

= M^ C M^ C • • • C M^ = Moo/ttMoo, 

such that each M^^/M^^ is a finite free ¥[[yi, . . . , y/j+jJJ-module, and such 
that 

• the isomorphism class of M^/M^^ as an (i?oo, • • • , 2/h+j]])-bimodule 
depends only on the isomorphism class of at as a Huip GL2(C'F„)-niodule, 
and not on the choices of a„ , by and Ty . (It is immediate from the finiteness 
argument used in patching that this can be achieved for any finite collection 
of tuples {uy^by^Ty), aiid since there are only countably many tuples, a 
diagonalization argument allows us to assume independence for all tuples.) 

For any Serre weight am,n, we now define 

f^m,n{r) := e(i?°''^(m,n, l,f)/7r) 

and 

Crn,n (m, n, 1 , f) /tt) . 

Proof of Theorem \'3.1.6\ Fix a, b, t and *, and set Oy — a, by ~ b, Ty ~ t for each 
v\p. Lemma 2.2.11 of [KisOQaj (together with its proof) shows that e(i?^/7r) > 
e{Moo/TrMoo, R'ao/''^)i s-nd the following conditions are equivalent. 

(1) Moo is a faithful i?^-module. 

(2) Moo is a faithful i?J^-module which has rank 1 at all generic points of 

(3) eiR'^/n) = e{M^/nM^, R'^/tt). 

(4) e{R'^/7r) < e{M^T^^, R'^/n). 

(Note that the proof of |Kis09a[ Lem. 2.2.11], as written, literally applies only when 
a — but in fact it goes through unchanged for any value of a.) Furthermore, 
the arguments of Corollaries 2.2.17 and 2.2.19 of |Kis09a) (which use the p-adic 
Langlands correspondence for GL2(Qp), together with the weight part of Serre's 
conjecture) establish the inequality e^R'^/n) < e(Moo/7rMoo,-R'oo/7r), so that in 
fact all of the conditions (l)-(4) actually hold. 

Let Rl^ ((§„|pi?°''^(m„,i, 1, pIg^J/tt) [[xi, . . . , x^]], regarded as a quo- 
tient of i?oo- Since the isomorphism class of M^^/M^^ as an i?oo-niodule depends 
only on the isomorphism class of Ui, one sees as in the proof of Lemma 2.2.13 
of |Kis09aj that the action of Roc on M'^/M'^^ factors through R'^\ (In brief: 

''We remark that there is a typo in this part of the statement of IKis09al Lem. 2.2.11]; _Roo is 
written there, rather than Rca- 
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it is enough to check for each place vo\p that the action of R^^^ factors through 
R^j.'^{myQ^i,nyQ^i,l,'p\Gj^^^^). In order to do this, one apphes the construction with 

,i, Tvo — s-nd the other chosen so that 
Jordan- Holder factor of La^,b^,T^ 'S'o F for ?; 7^ wq.) Furthermore, the i?oo-niodule 
Ml^/M^^ is supported on all of SpecR'^^, by the results of Section 4.6 of jGeell] 
(cf. the final paragraph of the proof of |Kis09a[ Prop. 2.2.15]). Finally, we note that 
i?^' is generically reduced (see the proof of f KisOQal Prop. 2.2.15]). 
Lemma [2.2.141 shows that 

(3.2.2) Z{R'^/n) = (j[ Z{R^^^'ia, &, r, f)/7r)) x Z(SpecF[[xi, . . . , Xg]]), 

v\p 

while, identifying each of the modules Moo/ttMoo, M^^/M^^ , etc., with the corre- 
sponding sheaves on Spec-Roo/Tr that they give rise to, we compute that 

(3.2.3) Z(MooAMoo) - Z{Ml,/Ml^') 

i 

> J2 ZiSpecRl^/n) - (J[J2<nCm.,n) X Z(SpecF[[xi, . . . ,Xg]]), 

i v\p rn,n 

the first equality following by Lemma 12.2.71 the inequality following from the fact, 
noted above, that the support of M^/M^^ coincides with the generically reduced 
closed subscheme Speci?^* of Speci?oo/7r, and the second equality following from 
another application of Lemma [2.2. 141 Also, since Moo is 7r-torsion free, and gener- 
ically free of rank one over each component of Speci?^ (condition (2) above). 
Proposition 12 . 2 . 1"51 shows that 

(3.2.4) ZiR'^/n) = ZiM^/nM^). 
Putting these computations together, we find that 

(n Z{R?'Ha, b, r, f)/n)) X Z(Spec ¥[[x^, x,]]) ^ Z{RU^) 

v\p 

^ Z(Afoo/7rM„o,i?:,oA) ^ (nil<"^™^") ^ ZiSpec¥[[xi,...,Xg]]). 

v\p m.n 

However, if we apply Lemma l2.2.8l to pass to the corresponding multiplicities, then 
this inequality on cycles gives a corresponding inequality on multiplicities, which 
is in fact an equality, by condition (3) above. Thus this inequality of cycles is an 
equality, and we deduce that 

Z(i?°''^(a, 6, r, f)/7r) = H X! °*m,nCra,n, 
v\p v\p m,n 



and thus that 



Z{R^^^{a,b,r,f)/TT)^J2<nCr, 



as required. □ 

_ f * \ 

3.2.5. Remark. Even if r ^ I ^ for some x, it is presumably possible to 

use the above arguments to show that our geometric Breuil-Mezard conjecture is 
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equivalent to the usual one, and that both are equivalent to the equivalent condi- 
tions of Lemma 2.2.11 of [Kis09a| . We have not done so, because parity issues with 
Hilbert modular forms make the argument rather longer than one would wish, and 
in any case we prove a similar statement in far greater generality in Section [5] (see 
Theorem l5.5.21 which together with Lemma [4.3.11 shows the equivalence of our geo- 
metric conjecture with the usual one) . (Note that since p > 2 all the Serre weights 
occurring in the reduction mod p of La^b.r have the same parity, so it is possible to 
circumvent parity problems by twisting, but the details are a little unpleasant to 
write out). 

3.3. Analysis of components. For a given f, there may be several different Serre 
weights CTm,n for which /im,n(^) 7^ 0. We now compare the different cycles Cm,n- 
We write W{f) for the set of am,n for which fJ,m.n{r) ^ (that is: the set of Serre 
weights for f). The only cases where W{f) contains more than one element are 
as follows (throughout it is understood that we always impose the conditions that 
< m < p ~ 2 and < n < p — 1): 



• If r is irreducible, say 



,n+l Q 



then W{f) = {am,n,crm+n,p-l-n}- 

• If f is reducible but indecomposable, with 

"^Ihp uj"' 

a pen ramifiee extension, then W{f) = {am,,Q, Cm.p-i}- 

• If f is reducible and decomposable, with 

jTn+n+l g 



such that n < p — 3, then 

- if < n < p - 3, we have W(f) = {cr„i,„, o-™+„+i,p_3_„}; 

- if n = p - 3 and p > 3, we have W{f) = {crm,p^3, Cm-i^o, cr-m-i^p-i}; 

- if p = 3 and n = 0, we have W{f) = {cTm^o, o-m,2, crm+i,o, o-m+i,2}- 
The relationships between the cycles Cm,,n are as follows. Note in particular that 

by Theorem 13. 1.61 if ^ 7^ (^0^ ^^•^ ^^'^^ assumption in the following 

Proposition is automatic. 

3.3.1. Proposition. Assume that Conjecture 13.1.41 holds for f. Then the cycles 
Crn,n havc disjoint support, except for the cycles Cm,,o 

when both are 

non-zero. In this latter case there is an equality Cm,o — Cm,p-i, except if ^ 



cj" 



is a {possibly split) peu ramifiee extension, in which case Cm,p-i is 



the sum of two irreducible cycles, one of which is C„ifi. 

Proof. It is presumably possible to establish this in most cases via direct computa- 
tions with Fontaine-Laffaille theory; however, we take the opportunity to use our 
geometric formulation of the Breuil-Mezard conjecture. We begin by noting that it 
follows from Corollary 1.7.14 of |Kis09a) that the cycles Cm,n are irreducible, except 
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in the cases that n = p — 1 and ^'l/pp ^ ^ q m j is peu ramifiee, or n = p — 2 
and f ~ oj™ ® ( 'l^ ^ ) for distinct unramified characters fii and /i2- Thus to 



fi2, 

prove the claimed disjointness of cycles, it is enough to prove that the cycles are 
not equal. 

We first consider the cases where Crn,a and Crn,p-i are nonzero. For notational 
simplicity, we make a twist by w^™, and thus further assume that m — 0. Con- 
sider the trivial inertial type 1. Examining Henniart's appendix to p3M02j . we 
see that cr(l) = St, the Steinberg representation, while a'^'-'{l) = 1, the trivial 
representation. The reduction mod p of St is just (Tp_i, so we conclude that 

Co,p-i = Z(i?°-'''(0,0,l,f)/^), 

Co,o-^(i?c°/(0,0,l,f)/7r). 

By definition, -R°''^(0, 0, 1, r) is a quotient of i?°^'^(0, 0, 1, f), and as they have the 
same dimension, we see that Spec R^,.'^ (0,0,1, f) is a union of irreducible compo- 
nents of Speci?°''''(0,0,l,f). 

It is easy to see that the two rings are actually equal unless r is a twist of a peu 
ramifie extension of 1 by cj, because the only non-crystalline semistable crystalline 
representations with Hodge-Tate weights and 1 are unramified twists of extensions 
of 1 by e, and so it suffices to check, in the case when f is a twist of a peu ramifie 
extension of 1 by lo, that Spec i?'^^'^(0, 0, 1, f)/7r) has two distinct components. In 
the case that the extension is non-split, the framed deformation ring is formally 
smooth over the deformation ring, and the relevant rings are computed in Theorem 
5.3.1(i) of |BM02] : in particular, they do verify that the Specs of their reductions 
mod TT contain two distinct components. 

We now explain another way to see that Spec R^''^'{0, 0, 1, f) /tt) consists of two 
distinct components, which works equally well in the case when f is split. Namely, 
a two-dimensional crystalline representation with Hodge-Tate weights and 1 with 
reducible reduction is necessarily an extension of characters, whose restriction to 
Ip is trivial and cyclotomic respectively, and it is uniquely determined by its asso- 
ciated pseudo-representation. The cycle Co,o is thus directly seen to be irreducible, 
and it has non-trivial image in the associated pseudo-deformation space. On the 
other hand, as we already observed, a genuinely semi-stable two-dimensional defor- 
mation of r with Hodge-Tate weights and 1 is necessarily a twist of an extension 
of the trivial character by the cyclotomic character, with the possible twist be- 
ing uniquely determined (since we have fixed the determinant to be ipe). Such 
extensions are determined by their /^-invariant, and so one can give an explicit de- 
scription of the Zariski closure of the space of genuinely semi-stable deformations, 
and show that this closure, as well as its reduction mod tt, is irreducible. Moreover, 
its reduction modTr does not coincide with Co,Oi since its image in the associated 
pseudo-deformation space is simply the closed point. Thus we have shown that 
Co,p-i is the sum of two distinct irreducible components. 

/^n+l g \ 

Consider next the case that f\i^ cj™ (g) I ^ p(n+i) I with < n < p — I. 

^ \ / 

We need to show that C 

m,n 7^ ^m+n,p— 1— n- Considcr the inertial type 
Then by for example Lemmas 3.1.1 and 4.2.4 of [CDT99| . the semisimplification 
of the reduction modulo p of (7(0;'"+" © w™) has Jordan-Holder factors <7m,n and 
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f^m-f-n,p— 1 — n i 



SO that we have 



■'^(0, 1,2;"+" © (^", f)/7r) = C,„,„ + C, 



'm+n,p— 1 — n- 



By Theorem 6.22 of [Sav05| (noting that the framed deformation ring is formaUy 
smooth over the deformation ring, since f is irreducible), we have R'^''^{0, 1, cI3™+"© 
w'",f)/^ ^ ¥[[U,V,W,X,Y]]/{XY), so C™,„ C^+„,p_i_„, as required. It re- 
mains to treat the cases where r ~ Xi ® X2 ^ direct sum of two distinct characters. 
In this case, one knows that aU of the relevant lifting rings i?^''^(m, n, 1, f) are in 
fact ordinary lifting rings (cf. Corollary 1.7.14 and Remark 1.7.16 of |Kis09an . It 
thus suffices to note that the cycles that we have to prove are distinct correspond 
respectively to liftings which contain a submodule lifting Xi or which contain a 
submodule lifting X2^ ^^"^ since Xi 7^ X2' it is easy to see that the cycles are dis- 
tinct. □ 

Proof of Provosition \1.1.3[ The assertions about the number of components of Cm,n 
follow from Proposition [S^ST] above together with Corollary 1.7.14 of |Kis09a) . and 
the disjointness of the supports of the Cm,n follows from Proposition 13.3.11 □ 

3.4. Comparison with the results of [BM11| . In |BM11| . Breuil and Mezard 
construct, for generic f, a correspondence between the irreducible components of 
Spec i?'^''^ (a, b, r, f)/7r and the Serre weights for r which appear with positive mul- 
tiplicity in the mod p reduction of (T(r) <^e det'' Sym''_B^. The definition of the 
correspondence is given in jBMllj Thm. 1.5]: namely, if a is a generic point of 
Spec R^'^ {a,b, T, f) /n , then the associated Serre weight is the GL2(Zp)-socle of a 
certain GL2(Qp)-representation constructed out of the universal Galois representa- 
tion into GL2 (i?°''^(a, 6, T, f)/(7r, a)) via the p-adic local Langlands correspondence. 

According to our geometric formulation of the Breuil-Mezard conjecture, the 
component {a} of Spec i?'^''^(a, 6, r, f)/7r is equal to Spec (m, n, 1, f)/7r), for 
some Serre weight am,n of f. Since the p-adic local Langlands correspondence 
is functorial, we find that the GL2(Zp)-socle of the GL2(Qp)-representation at- 
tached to a, thought of as a generic point of Spec R^'"^ {a,b, t, f) /tt , is the same as 
the GL2(Zp)-socle of the GL2(Qp)-representation attached to a, thought of as the 
generic point of Spec i?J^^''''(TO, n, 1, f)/7r). But in this latter case, the GL2(Zp)-socle 
in equation is equal to crm,n, as follows from the fact that the correspondence of 
[BMll] is compatible with the original conjecture of IBM02] . This shows that the 
correspondence of [BMll] is precisely the correspondence Cm,n Cm.n- 



4.1. The numerical conjecture. We begin by formulating a natural generalisa- 
tion of the Breuil-Mezard conjecture for n-dimensional representations. We now fix 
the notation we will use for the rest of the paper, which differs in some respects from 
that of Section [3l but is closer to that used in the literature on automorphy lifting 
theorems for unitary groups. We remind the reader that for the rest of the paper, 
our convention on Hodge-Tate weights is that the Hodge-Tate weight of e is —1. Let 
K/Qp he a finite extension with ring of integers Ok and residue field k, let E/Qp 
be a finite extension with ring of integers O, uniformiser tt and residue field F, and 
let f : Gk GL„ (F) be a continuous representation. Assume that E is sufficiently 
large, and in particular that E contains the images of all embeddings K ^ Qp. 
Let Z" denote the set of tuples (Ai, . . . , A„) of integers with Ai > A2 > • • • > A„. 



4. The Breuil-Mezard Conjecture for GL. 
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For any A G Z" , view A as a dominant character of the algebraic group Ghn/o hi 
the usual way, and let M'-^ be the algebraic Oi^-representation of GL„ given by 

where i?„ is the standard Borel subgroup of GL„, and wq is the longest element 
of the Weyl group (see |Jan03) for more details of these notions). Write Mx for 
the Ox-representation of GL„(C'x) obtained by evaluating M'^ on Ok- For any 
A e (z'|)HomQp(if,£;) ^^j^g ^j^g O-representation of GL„(Oi<-) defined by 

Given any a G with p — I > ai — a^+i for all 1 < i < n — 1, we define 
the fc-representation Pa of GL„(fc) to be the representation obtained by evaluat- 
ing Indg^" {woa)k on fc, and let Na be the irreducible sub-fc-representation of Pa 
generated by the highest weight vector (that this is indeed irreducible follows for 
example from 11.2.8(1) of f J an03| and the appendix to jHer09 j ) . We also let iV^ 
denote the fc-representation of GL„(fc) obtained by evaluating Na on fc. We say 
that an element a G (2,^)Hom(fc,F) Serre weight if 

• for each a G Hom(fc,F) and each l<i<n — Iwe have 

p - 1 > acA - aas+i, 

• and for each a we have < Oo-.n < p — 1, and not all a^.n = P ^ 1- 

If a G (2^)Hom(fc,F) -g Sg]-]-e weight then we define an irreducible F-representation 
Fa of GL„(fc) by 

Pa ■— ®reHom(fc,F)^aT ®fc,T IF- 

The representations Fa are absolutely irreducible and pairwise non-isomorphic, and 
every irreducible F-representation of GL„(fc) is of the form Fa for some a (see for 
example the appendix to |Her09| ). We say that an element A G {Zl)^°"''ip'-^'^^ is a 
lift of a Serre weight a G (Z!;:)^""^^^.^) ^j. g^ch a G Hom(fc, F) there is an element 
T G HomQp {K, E) lifting a such that \r = a^, and for all other r' G HomQ^ {K, E) 
lifting a we have A^' = 0. We have a partial ordering < on Serre weights, where 
6 < a if and only if a — 6 is a sum of (positive) simple roots. 

4.1.1. Lemma. If X is a lift of a then L\ ®ci has socle F\, and every other 
Jordan-Holder factor of L\ ®q F is of the form Fi, with b < a. 

Proof. This follows from sections 5.8 and 5.9 of |Hum06) (noting that the orderings 
< and <Q coincide for GL„). □ 

Let T : Ik ^ GL„(i?) be a representation with open kernel which extends 
to Wk, and take A G (Z!;)H°'°*1p(^'-'^). hei f : Gk ^ GL„(F) be a continuous 
representation. If E' / E is a finite extension, we say that a potentially crystalline 
representation p : Gk GL„(£") has Hodge type A if for each t : K ^ E, 

HT^(p) = {Ar,i + n - 1, Xr,2 + n - 2, . . . , Ar,„}. 

We say that p has inertial type t if the restriction to Ik of the Weil-Deligne 
representation associated to p is equivalent to r. 

4.1.2. Proposition. For each X, t there is a unique quotient R^x t of the universal 
lifting O-algebra for f with the following properties. 
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(1) R^xt reduced and p-torsion free, and Kf^A^/p] "is formally smooth and 
equidimensional of dimension ri^ + [K : Qp]n{n — l)/2. 

(2) // E' I E is a finite extension, then an O-algebra homomorphism i?? E' 
factors through R^x t */ ^^'^ onZ?/ if the corresponding representation Gk — ^ 
GL„(£") is potentially crystalline of Hodge type A and inertial type t. 

(3) R^ X t/""" equidimensional. 

Proof. All but the final point are proved in [KisOSj , and the final statement follows 
from the proof of Lemme 2.1 of |BM11] . □ 

If T is trivial we will write R^x ^'^^ ^f'a t- The Breuil-Mezard conjecture predicts 
the Hilbert-Samuel multiplicity e{R^x r/"")- order to state the conjecture, it is 
first necessary to make a conjecture on the existence of an inertial local Langlands 
correspondence for GL„. The following is a folklore conjecture. 

4.1.3. Conjecture. Ifr is an inertial type, then there is a finite- dimensional smooth 
irreducible Qp-representation (t{t) of GL„(C'/f ) such that if r is any Frobenius- 
semisimple Weil-Deligne representation of Wk over Q^, then the restriction of 
(rec~"'^('r) (8) | det to GL„(C'x) contains {an isomorphic copy of) o{t) as a 
subrepresentation if and only ifT\ij^ ~ r and N = OonT. If p > n then cr(r) is 
unique. 

4.1.4. Remark. A very similar conjecture is formulated in [ConlOj . which also 
proves some partial results in the case n = 3. We have formulated this conjecture 
only for representations with TV = 0, as we will only formulate our generalisations 
of the Breuil-Mezard conjecture for potentially crystalline representations, in order 
to avoid complications in the global arguments of Section [5j We expect that a 
"semistable" version of the conjecture will also be valid, where one removes the 
conclusion that = on r, but adds the requirement that rec" -^(t)(8) | det 

be generic. 

Conjecture 14.1.31 is proved in the case n = 2 by Henniart in the appendix to 
[BM02] . It has been proved for any n for supercuspidal representations by Paskunas 
( |Pas05j V but to the best of our knowledge it is open in general. We will assume 
from now on that (t(t) exists. Enlarging E if necessary, we may assume that it is 
defined over E. Since it is a finite-dimensional representation of the compact group 
GL„(C'x), it contains a GL„(C'/f )-stable O-lattice Lr- Set Lx^t ■= Lr ®q Mx, a 
finite free O-module with an action of GL„(C'x)- Then we may write 

where the sum runs over the Serre weights a G {'L''i^)^°™'^^-^\ and the Ua are non- 
negative integers. For each Serre weight a, fix a lift Aa of a. Then the generalised 
Breuil-Mezard conjecture is the following. 

4.1.5. Conjecture. There exist integers fia{r) depending only on f and a such that 

4.1.6. Remark. (1) Assuming the conjecture, the integers Ha{r) may be com- 

puted recursively as follows. Let Ao be a lift of a. If a is in the lowest alcove, 
then Lx®o^ = -Pa, and we have iJ^air) = e(-R?;^ /vr). In general, by Lemma 
14.1.11 we see that we may compute fJ-air) given e{R^x /"") and the values 
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fj-b{r), b < a. Note also that by applying automorphisms of E (which we 
may assume to be Galois), one sees that e(i??;^ /tt) is independent of the 
choice of lift Xa ■ 

(2) The reader might have expected the sum on the right hand side to only be 
over weights a which are predicted Serre weights for r. However, according 
to the generalised Serre weight conjectures of jGHSll] . the predicted Serre 
weights a for f should be precisely those a for which f has a crystalline lift 
of Hodge type Xa, i.e. precisely those a for which e(i??^ /tt) ^ 0. 

(3) The reader might wonder why we have formulated our n-dimensional ana- 
logues of the Breuil-Mezard conjectures for liftings without fixed determi- 
nant, when the conjecture is more usually stated as in Section |3] for lifts 
with fixed determinant. The reason is that in the global arguments we will 
make in Section [5] using unitary groups, it is the lifting rings without fixed 
determinant that arise naturally. However, the conjectures with and with- 
out fixed determinant are actually equivalent, at least as long as p > n, as 
follows from Lemma 14.3.11 below. 

4.2. The geometric conjecture. We may now state our geometric conjecture, 
which is entirely analogous to Conjecture 13.1.41 

4.2.1. Conjecture. For each Serre weight a there is a cycle Ca depending only on 
f and a such that 

a 

4.2.2. Remark. Again, if one assumes the conjecture then one can inductively 
compute the cycles Ca in terms of the cycles Z{R^^ /tt). 

4.3. Tvifisting by characters. We now establish a lemma which implies in par- 
ticular that the Breuil-Mezard conjecture for liftings without a fixed determinant 
(as we have formulated it above) is equivalent to the analogous conjecture for lift- 
ings with a fixed determinant (at least if p > n). Note that, for a given inertial 
type r and Hodge type A, there is a character V'A.r '■ Ik such that any lift 
p of f of Hodge type A and inertial type r necessarily has detpl/^- = V'a,t. Let 
ip : Gk — > be a character such that tp = detf and ip\ij^ — ip\,T- We let R^'xr 
denote the quotient of R^^ t corresponding to lifts with determinant ijj. 

4.3.1. Lemma. Suppose that p> n. Then R^j^ ^ = ^f^^A'rll^]]- 

Proof. Consider a finite extension E'/E and a point x : R^xt ^ ^' with corre- 
sponding representation p' . Let = ip~'^ det p' , so that 9 is an unramified character 
with trivial reduction. Since p > n, we see that 9 has an 0£;/-valued n-th root. 
From this observation is it easy to see that if p"^ : Gk GL„(_R^^^) is the univer- 
sal lifting of determinant and px is the unramified character taking a Frobenius 
element to x, then p^' ^pi+x odet : Gk -> GLn{R^x'^[[X]]) is the universal lifting 
of arbitrary determinant, as required. □ 

5. Global patching arguments 

For the rest of the paper, we will assume Conjecture 14.1.31 Our goal in this 
section is to employ the Taylor- Wiles-Kisin patching method so as to generalize, to 
the extent possible, the results of Section [3] to the n-dimensional context. These 
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arguments are essentially the natural rt-dimensional generalisation of the arguments 
of Section 4 of jGKllj . We closely follow the approaches of |Kis09a| and [TholO] 
(which in turn follows ' BLGGlla] and [CHTOSj ). In particular, in the actual imple- 
mentation of the patching method we follow |TholO) very closely, although, because 
our ultimate interests are local, we will sometimes make stronger global assump- 
tions in order to simplify the arguments; these stronger assumptions can always be 
achieved in our applications. Before getting to the patching argument itself, we in- 
clude a number of preliminary subsections in which we briefly recall the necessary 
background material on automorphic forms and Galois representations, referring 
the reader to [TholOj for more details. 

5.1. Basic set-up. We put ourselves in the setting of Section HI so that K/Qp is 
a finite extension, and fx ■ Gk GL„ (F) is a continuous representation. We also 
assume from now on that p > 2. 

As in Section [31 we begin by globalising f. Since the standard global context 
in which to study higher-dimensional Galois representations is that of automorphic 
forms on unitary groups, we briefly recall the various concepts that are required to 
discuss Galois representations in that setting. 

To begin with, wc recall from |CHT08j that Qn denotes the group scheme over Z 
defined to be the semidirect product of GL„ x GLi by the group {1, j}, which acts 
on GL„ X GLi by 

We have a homomorphism v : Gn ^ GLi, sending {g, /i) to /i and j to —1. We refer 
the reader to Section 2.1 of |CHT08] for a thorough discussion of Gn, and of the 
relationship between C7„-valued representations and essentially conjugate self-dual 
GL„-valued representations. 

5.1.1. Terminology. To ease notation, we adopt the following convention with 
regard to Galois representations with values in t/„(Fp): if F is an imaginary CM 
field with maximal totally real subfield F'^ , and p : Gp+ — > Gni^p) is a continuous 
representation, then we write p|gf for the restriction of p to Gp, regarded as a 
representation Gp — > GL„(Fp), and similarly for 'p{Gp(^i^^)) and 'p\gf- (for places v 
ofF). 

We next recall that the notion of an adequate subgroup of GL„(Fp) is defined 
in [TholO] . We will not need the details of the definition, though we recall the 
following result, which is a special case of Theorem 9 of [GHTTIO] . 

5.1.2. Proposition. Suppose that p > 2{n + 1) and that H is a finite subgroup of 
GL„(Fp) which acts irreducihly . Then H is adequate. 

We now state our basic hypothesis related to the globalization of f . Namely, 
we assume that there is an imaginary CM field with maximal totally real field 
subfield F^ , together with a continuous representation p : Gp+ — > t/n(Fp), such 
that 

• F/F^ is unramified at all finite places, 

• [F+ : Q] is divisible by 4, 

• every place v\p of F^ splits in F, 

• p is automorphic in the sense of Definition 15. 3. II below: in particular, 

• V o'p = e^~"(5^^j^+, where Sp/p+ is the quadratic character corresponding 
to F/F+. 
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. p-i(GL„(Fp) X GLi(Fp)) -Gi., 

• p is unramified at primes v \ p, 

• p(Gi?((;p)) is adequate, and 

— kcradplcir ^ • 7-i/> \ 

• -t does not contain i< (Q), 

• for each place v\p of F~^, there is a place v oi F lying over v such that 
Fig = K and p|gf^ is isomorphic to f. 

5.1.3. Remark. It will not always be the case that such a representation p exists, 
because the assumption that 'p{Gf{c^ )) is adequate implies that p \n. On the other 
hand, if we assume that p > 2{n + 1), then by Corollary IA.6I there is a CM field 
F and a continuous representation p : Gp+ — > GL„(F) satisfying all the above 
conditions. 

We briefly explain the motivation for the various conditions that we require. The 
first three ensure the existence of a convenient unitary group on which to work, with 
the property that it is isomorphic to GL„ at places dividing p. The final condition 
ensures that p can be used to study f. The remaining conditions are imposed in 
order to use patching constructions of [TholOj : some of them are imposed in order 
to simplify these constructions. (When considering the last three conditions, the 
reader should recall our terminological convention of (|5.1.ip .) 

5.2. Unitary groups and algebraic automorphic forms. There is a reductive 
algebraic group G/F^ with the following properties (cf. Section 6 of jTholOj ): 

• G is an outer form of GL„, with G/p = GL„/j?. 

• If w is a finite place of G is quasi-split at v. 

• If u is an infinite place of F+, then G{F^) = C/„(IR). 

As in section 3.3 of [CHTOS] we may define a model for G over Op+. If w is a place 
of F^ which splits as ww'^ over F, then we have an isomorphism 

L^:G{Op^)^Ghn{OpJ. 

Let E/Qp be a finite extension with ring of integers O and residue field F, which 
we assume is chosen to be sufficiently large that p is valued in tJ,i(F). From now 
on we will often regard p|gf ^s being valued in ^(F), and we write Vw for the 
underlying F- vector space of p|gf- 

Let Sp denote the set of places of F+ lying over p, and for each w e 5p fix a 
place w of F lying over v. Let Sp denote the set of places v for v € Sp. Let W be 
a finite O-module with an action of G{Op+ p), and let U C G(A^+) be a compact 
open subgroup with the property that for each u £ U, if Up denotes the projection 
of u to G{F^), then Up G G{Op+). We say that U is sufficiently small if for all 
t e G(A^+), t~'^G{F+)t n U does not contain an element of order p. Let S{U, W) 
denote the space of algebraic modular forms on G of level U and weight W, i.e. the 
space of functions 

/:G(F+)\G(A^+)^I¥ 

with f{gu) — Up^f{g) for all u E U. If L/ is sufficiently small, then the functor 
W ^ S{U, W) is exact. 

For each v £ Sp choose an inertial type Ty : Ip^ — ^ GL„(_E) and a weight 
Xv e (zn)^°'^<ipiF'^'E)^ ^^^^^^ ^j^g O-representation of GLniOp^) de- 

fined in Section m Write La.t for the tensor product of the L\^^r^, regarded as a 
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representation of G{OpJr p) by letting G{Op+ p) act on Lx^,t^ via ip, and for any 
O-algebra A we write S\.r{U, A) for S{U, L\^r ®o A). 

5.3. Hecke algebras and Galois representations. This assumption made above 
that p^°'^ f does not contain F(C,p) means that we can and do choose a finite 
place Vl ^ Sp of F'^ which sphts over F such that vi does not split completely in 
F{(p), and adplcp (Frob^.^ ) = 1. (We make this last assumption in order to simplify 
the deformation theory at vi; in particular these assumptions will imply that the 
local unrestricted lifting ring at vi is smooth, and that all liftings are unramified.) 
Let U — Hu Uy be a compact open subgroup of G'(Ap+) with Uy a compact open 
subgroup of G{F^) such that: 

• Uv = G{Op+ ) for all v which split in F other than vi\ 

• Uy-^ is the preimage of the upper triangular matrices under 

G{Op+)^G{K)^G\.n{K) 

where wi is a place of F over vi . 

• Uy is a hyperspecial maximal compact subgroup of G(F+) if v is inert in 
F. 

Then U is sufficiently small (by the choice of Uy-^). Let T — Sp U {vi}. We let 
-jpT.umv |-|g ^Yie commutative O-polynomial algebra generated by formal variables 

(i) ^ 
Tyj for all 1 < j < n, a place of F lying over a place v of which splits in 

F and is not contained in T. The algebra T^.""'^ acts on Sx^r{U, O) via the Hecke 

operators 

for w ^ T and n7^ a uniformiser in Of„- We denote by T^^(C/, O) the image of 
T^'""- inEndo(5A.r(C/,0)). 

5.3.1. Definition. We say that a maximal ideal m o/T"^'""''^ with residue field of 
characteristic p is automorphic if for some (A, r) as above we have S'a,t(C/, C)m 7^ 0. 
We say that a representation : G p+ ~> Qn{^p) is automorphic if there is an 
automorphic maximal ideal m of T^^""'^ such that if v ^ T is a place of which 
splits as V — ww'^ in F, then pjcj^ (Frob^) has characteristic polynomial equal to 
the image of X" + ■ ■ ■ + (-l)J (Nu;)J(J-i)/2rif'^X"-^' + . . . (-l)"(Nw)"("-i)/2ri,"\ 

In the following we will make a number of arguments that are vacuous unless 
5'a,t(C^, C)m 7^ for the particular (A,t) under consideration, but for technical 
reasons we do not make this assumption. Since p is automorphic by assumption, 
there is a maximal ideal m of T-^'""''^ associated to p as in Definition 15.3.11 

5.3.2. Proposition. There is a unique continuous lift 

Pm-.Gp+^T^GniTlriU^OU) 

of]), which satisfies 

(1) p^i((GL„ X GLi)(TI,(C/,0)„)) = Gf. 

(2) i.op^ = ei-«5J/^^. 

(3) Pm is unramified outside T. If v ^ T splits as ww'^ in F then pm(Frob^) 
has characteristic polynomial 

X" + • ■ • + (-iy(Nit;)^(^-i)/2yO)x"-J + . . . (-l)"(Nu;)"("-i)/2r^"). 
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(4) For each place v G Sp, and each O-algebra homomorphism 

where E' / E is a finite extension, the representation xopj^jg^ is potentially 
crystalline of Hodge type A„ and inertial type Ty . 

Proof. This may be proved in the same way as Proposition 3.4.4 of [CHTOSj , making 
use of Corohaire 5.3 of |Lab09| . Theorem 1.1 of |BLGGT11] . and Conjecture |1X31 

□ 

We note that our assumptions on vi imply that S\^t{U, 0)m Qp is free over 
T^^(f/, C')m[l/p] of rank n! (where we adopt the convention that this remark is 
true if both T^^^([/, C')m[l/p] and Sx^riU, ®Zp Qp are zero). 

5.4. Deformations to Qn. Let 5 be a set of places of which spht in F, con- 
taining all places at which p is ramified. As in |CHT08| . we wiU write F{S) for the 
maximal extension of F unramified outside S and infinity, and from now on we will 
write Gp+^s fo'' Gal(F(5)/F+). Regard p as a representation of Gp+^s- We will 
freely make use of the terminology (of liftings, framed liftings etc) of Section 2 of 
[CHTOSj . 

For each place v G T we choose a place v of F above v, extending the choices 
made for v G Sp. Let T denote the set of places v, v G T. For each w G T, we let 
-R- denote the reduced and p-torsion free quotient of the universal O-lifting ring of 
p\gf^- For each v G Sp, write R^'^-"''^ for -R^^^ ,A,,r„- 

Consider (in the terminology of jCHTOSj ) the deformation problem 

S {F/F+,T, f, 0,p, ei-"<5^/^+ , } U 

There is a corresponding universal deformation p™'^ : Gp+ x ^ Gn{Rs^^^) of p. 
The lifting of Proposition 15.3.21 and the universal property of p™'^ gives an O- 
homomorphism 

which is surjective by property ^ of p^. 

5.5. Patching. We now follow the proof of Theorem 6.8 of |TholO| . We wish to 
consider auxiliary sets of primes in order to apply the Taylor- Wiles-Kisin patching 
method. Since p(Gf(i^p)) is adequate by assumption, by Proposition 4.4 of [TholO] 
we see that we can (and do) choose an integer q > [F^ : Q]n{n — l)/2 and for each 

> 1 a tuple {Qn, Qn, {V'slueQiv) above such that 

• Q AT is a finite set of finite places of F'^ of cardinality q which is disjoint 
from T and consists of places which split in F; 

• Qn consists of a single place w of above each place v of F^; 

• Nu = 1 mod p^ for v G Qn', 

• for each v G Qn, p|gf- — Sy ® tp^ where V'i? is an eigenspace of Frobenius 
corresponding to an eigenvalue ay, on which Frobenius acts semisimply. 
Write dj^ = dimipy. 

For each v G Qn, let denote the quotient of corresponding to lifts r : 
Gp^ GLn{A) which are ker(GL„(A) GL„(A:))-conjugate to a lift of the form 
s (Bip, where s is an unramified lift of Sy and ip is a lift of ipy for which the image 
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of inertia is contained in the scalar matrices. We let Sq,^ denote the deformation 
problem 

5q„ iF/F+,TUQN,fuQN, O, P, e'""5V+' 

{i?9 } U {R^^'-^^hes, U {R^'Uq«). 

We let i?^"^ denote the corresponding universal deformation ring, and we let Rg^ 
denote the corresponding universal T-framed deformation ring. By Proposition 4.4 
of [TholOj . we may also assume that 

• the ring R^^ can be topologically generated over the completed tensor 
product (®i,e5p,oi?°'^"'^^') ®oR~, hy q ~ [F+ : Q]n{n - l)/2 elements. 

Let Uq{Qn) = Y[v^o{Qn)v and Ui{Qn) = Y[v^iiQN)v be the compact open 
subgroups of G(A^+) defined by (for i ~ 0, 1) Ui{QN)v — li v <^ Qn, and 
Uo{Qn)v = t-~^pN, Ui{Qn)v = '■g^Pjv ,! if w e Qn, where p^r and p""^-^ are the 
parahoric subgroups defined in [TholO] . corresponding to the partition n = (n — 
(T^) + (T^. We have natural maps 

Tj^^'^"(C/i(QAr),0) Tj^^'3"(f/o(QAr),0) ^ T^^^^" ([/, O) ^ Tl,{U,0). 

Thus m determines maximal ideals of the first three algebras in this sequence 
which we denote by mg^ for the first two and m for the third. Note also that 
jTuQm i^jj^ ^ Tj^^([/, 0)ra by the proof of Corollary 3.4.5 of |CHT08j . For each 
V £ Qn choose an element (j)y S Gf^ lifting the geometric Frobenius element of 
Gf^/If^ and let G Of^ be the uniformiser with Kvip^w^ — (j)y\F^b. As in 
Proposition 5.9 of [TholO] we have commuting projection operators pr^^,^. Write 
M = SxAU, C)m, and for « = 0, 1 we write 

M^,Q^= [ n Pr^J ^A,r(f/,(Qw),0)m«„. 

\veQN I 

Let T,,Q„ denote the image of T^^^^"" {1],{Qn),0) in Endo(M,,Q„). Let Aq„ 
be the maximal p-power order quotient of Uq{Qn) /Ui{Qn) and let oq„ denote 
the kernel of the augmentation map ©[Aq^] O. For i = 0, 1 and a £ Fy oi 
non-negative valuation, we have the Hecke operator 



where — diag(Q!, !,...,!). Exactly as in the proof of Theorem 6.8 of |TholO| . 
we have: 

(1) The map 

( n P"^-.) ■ ^ 

is an isomorphism. 

(2) Afi,Q„ is free over 0[Aq„] with 

^^l,Qiv/aQjv ^h..QN- 

(3) For each v G Qni there is a character with open kernel : F~ — T^g^ 
so that 
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(a) for each a e i^jf of non-negative valuation, Va — Vs{a) on Afi^Q„; 

(b) {pmQ^ ® Ti^g„)|wj?_ = s (£> with s an unramified lift of and -0 a 
lift of -05^ with acting on ■0 via the scalar (Vy o Artj^l). 

The above shows, in particular, that the lift PmQ„ '<^'^i,Qn of p is of type iSq„ and 
gives rise to a surjection -R^"^ -» Ti_q„. Thinking of Aq„ as the product of the 
inertia subgroups in the maximal abelian p-power order quotient of IlDgQjv ^^i' 
we obtain a homomorphism Aq„ — {Kg^^ )^ by considering as above in some 
basis. We thus have homomorphisms 

and natural isomorphisms Rs'q^ /<^Qn — ^5"'^ and R^^ /<^Qn — ^5^' and the 
surjection Rg^" -» Ti_q„ is a homomorphism of ^^[AQ^J-algebras. 
Fix a filtration by F-subspaces 

= io C £1 C ■ • • C £s = Lx,t/t^Lx.t 

such that each is 6(0^?+ p)-stable, and for each i = 0, 1, . . . , s — 1, ct^ := Li+i/Li 
is absolutely irreducible. This induces a filtration 

= A/° C Afi C • ■ • C = M/ttM. 

We may now patch just as in the proof of [TholOj Thm. 6.8], keeping track of 
filtrations as in jKis09a[ § (2.2.9)]. Namely, if we set 

Roo := {®veSp,oR^'^ ®oR^j^[[xi, ■ ■ ■ ,Xq_[p+,q\^n{n-l)/2\], 
R'oo ("Si-eSp.O-Rp'^"'^") ®oR^j^[[xi, ■ ■ ■ ■,Xq_yF+:q\n{n-l)/2\] 

and 

Sryo 0[[zi, . . . ,Zri-i^T,yi, ■ ■ ■ ,yq]], 

for formal variables xi, . . . , Xq_[p+,Q]ri(n-i)/2i Vi,---,Vq and zi, . . . , 2:„2^7^, and if 
we let a denote the kernel of the augmentation map ^cxj — > O, then we see that 
there exists: 

• An iSoo-module M^o which is simultaneously an i?^-module such that the 
image of i?^^ in End(-Moo) is an S'oo-algebra. 

• A filtration by i?^-modules 

= C C • • • C Af^ = M^/ttMoo 

whose graded pieces are finite free S'oo-modules. 

• A surjection of i?'°'=-algebras R'^/aR'^ i?^"'^. 

• An isomorphism of i?^-modules 

Moo/aA/00 ^ M, 
which identifies Ml^/aMJ^ with AP. 
We furthermore claim that we can make the above construction so that, for each 
value of « = l,2,...s, the (i?oo, '5'oo)-bimodule Af^/Af^^ and the isomorphism 
Af^/(aAf^, A/^^) M'''/]VP~^ depends only on {U,m and) the isomorphism 
class of Li/Li^i as a G'(C'i?+^p)-representation, but not on (A,t). For any finite 
collection of pairs (A, r) this follows by the same finiteness argument used during 
patching. Since the set of (A, r) is countable, the claim follows from a diagonaliza- 
tion argument. 
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It will be convenient in the following to refer to a tuple (av)-^^ as a Serre 
weight, where each is a Serre weight for GL„(fcp), where fc^ is the residue field of 
Fy. We write Fa = ^jj^§ Fa^, a representation of G{Op+_p). For a a Serre weight, 
we denote by the i?oo/7r- module constructed above (using the construction for 
all (A,r)) when Li/Li-i Fa, and we set 

and 

Z'M - (n!)-iZ(M^). 

For each v\p we write 
SO that 

a 

where Ua = • 

The following crucial, but technical, lemma is a slight refinement (and generali- 
sation to the n-dimensional setting) of Lemma 4.3.6 of jGKllj . 

5.5.1. Lemma. For each a, /^^(p) is a non-negative integer. Moreover, for any 
fixed (A, r) the following conditions are equivalent: 

(1) The support of AI meets every irreducible component o/ Spec . 

(2) Moo ®'Ly Qp is a faithfully flat R'^[l / p\-module which is everywhere locally 
free of rank n\. 

(3) i?^"'"' is a finite O -algebra and M ®i Qp is a faithful R'^'''^[l/p]-module. 
(4) 

eiR'o^/n) = (n!)-i ^ n,e(A/^, i?oo A) = J2 ^-l^'aip)- 

a a 

(5) 

a a 

Proof. By Proposition 14.1.2] and our assumptions on the primes in T, i?^[l/p] is 
formally smooth, and of dimension q + n'^4I^T = dim S'oo [1/p] . Since Moo is free 
over 5*00, Moo ®Zp Qp has depth q + n^^T at every maximal ideal of i?^[l/p] in 
its support. Hence Moo ®Zp Qp is finite flat over i?J^[l/p]. li Z C Speci?J^[l/p] is 
an irreducible component in the support of Moo, then Z is finite over SpecS'oo[l/p] 
and of the same dimension. Hence the map Z — > Spec iSoo [1/p] is surjective. As 
M00/0.M00 = M has rank n\ over any point of i?™''^[l/p], Moo ®i Qp has rank 
n\ over Z. This shows that (1) and (2) are equivalent. Using Proposition 1.3.4 of 
[Kis09aj we also see that each //^(p) is a non- negative integer, and that 

e(i?:^A) > WY^e{MoohMoo,R!J^) = (n!)"! ^ n,e(M^, i?,, A) 

a 

with equality if and only if Moo is a faithful i?^-module or, equivalently, if and 
only if the support of M meets every irreducible component of i?^[l/p]. So (1) and 
(4) are equivalent. 

If Moo is a faithful i?^-module, then i?^ is finite over Soo, and so i?™'^, which 
is a quotient of i?^/a, is a finite O-module. This shows that (2) implies (3). 
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Conversely, assuming that i?^"^ is a finite O-algebra, we see by Proposition 1.5.1 
of [BLGGTIO] that the image of 

Speci?^"'^ Speci?i°'^ 

meets every component of Spec [l/p] . Hence, if AI (g)z Qp is a faithful i?™''^- 
module, then Mao ®Zp Qp is a faithful i?^[l/p]-module, which proves (1). Thus 
(l)-(4) are all equivalent. 

It remains to show that (5) is equivalent to the other conditions. From Lemma 
I2.2.8[ we see that (5) implies (4). Now assume that (2) holds. Then Moo is tt- 
torsion free and generically free of rank n\ over each component of Speci?^, so by 
Proposition 12. 2. l"3l we have 

Identifying each of the modules Mqo/ttMoo, M^/M^^ , etc., with the corresponding 
sheaves on Spec -Roo/tt that they give rise to, we see from Lemma |2 . 2 . 71 that we have 

i 

^J2naZiM^). 

a 

The result follows. □ 

For each Serre weight a G (z:;i)H°™('=''^), let Xa be a fixed lift of a. As in Remark 
I4.1.6r i). we may inductively define unique integers fJ-ai^) such that for any Serre 
weight 6, if we write 

then 

a 

Similarly, we may inductively define unique cycles Ca such that 

a 

We now prove the main result of this section, a conditional equivalence between 
the geometric formulation of the Breuil-Mezard conjecture, the numerical formu- 
lation, and a global statement. For the convenience of the reader, we recall the 
various assumptions of this section in the statement of the theorem. 

5.5.2. Theorem. Let p > 2 be prime, let K/Qp be a finite extension, and let 
f : Gk GL„(F) be a continuous representation, with ¥ a finite extension of 
Fp. Assume that a representation p as above exists {for example, by Corollary \A.6\ 
this is guaranteed if p > 2{n + 1) and Conjecture IA.2I holds for f), and assume 
Conjecture 14.1.31 

Suppose that the equivalent conditions of Lemma \5.5.1\ hold whenever each Xy = 
Xa^ for some Serre weight and each Ty = 1. 

Then, if X £ (2^)HomQp (k.b) ^ inertial type for Gk, o-nd if we write 



the following conditions are equivalent. 
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(1) The equivalent conditions of Lemma \5.5.1\ hold when Xv = X and Ty — t for 
each v\p. 

(2) eiR°^J7^)^J:^na^la{r). 

(3) Z(i?°A,rA)=Ea"aC.. 

Proof. Consider conditions (4) and (5) of Lemma [5.5.11 in the case that each A^, = 
Af,^ for some Serre weight 6„ and each = 1. Note that in this case we have 
(La,t — (BaF™'"'' where ma,b = T\v f^a^ ■ Throughout this proof we 

will write p,„ for p|gf^ (which is isomorphic to f). 

As remarked above, the conditions on vi ensure that Ry-^ is formaUy smooth over 
O, say Ry-^ = ©[[^i, . . . , in^]]- We see that from our assumption that the equivalent 
conditions of Lemma 15.5.11 hold in this case that 

a 

v\p 

v\p O-v 

a y\p 

where the second equality holds by Proposition 1.3.8 of |Kis09a] . Similarly 

^ma,bZ'aip) ^ Z{R'^/tt) 

a 

= n ^(-^R,,At,„ X Z{¥[[[xi,. . . , Xq_lF+:Q]n{n-l)/2,tl, <„2]]) 

v\p 

= Jl X! '"a„,&„Ca„ X Z(F[[[xi, . . . , Xq_lF+.Q]n{n-l)/2,h, • ■ • , ^n^]]) 
v\p Q-v 

= ^"Vb[|Ca, X Z{¥[[[ 
(I v\p 

where we have made use of Lemma l2.2.14l If we define a partial order on the tuples 
{a'v)v\p of Serre weights by writing {ay)y\p > {by)y\p to mean that each a„ > by, 
then an easy induction using Lemma 14.1.11 shows that we must in fact have that 
for each Serre weight a, 

v\p 

and 

X Z(F[[[a;i, . . . ,Xq_[F+,Q]n{n-l)/2,tl, ■ ■ ■ ,tn^]])- 

y\p 

We now consider the conditions of Lemma l5.5.1l in the case that each A,, — X and 
each Ty = T. Consider condition (5) of Lemma 15.5.11 By definition (and Lemma 
12.2. 14p . we have 

Z{R'ooh) = ^ 2'(F[[[xi, . . . ,a;,_[j^+:Q]„(„_i)/2,ti, . . . ,t„2]]). 

y\p 
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Using the relation above, we have 

n{n— 

i)/2,ti, . . . ,i„2]]) 

=nii"--^-- X z(F[[[ i)/2,ii, . . . ,i„2]]). 

Thus the statement that 

a 

is equivalent to 

^^^^/tt) X Z(F[[[a:i, . . . , Xg_[i^+,Q]^(^_i)/2, ti, . . ■ ,tn2]]) 

v\p 

= X Z{¥[[[ Xi , . . . , Xg_ :Q]n(n— 1) /2 7 ^1 ? • ■ • : ^n^ JJ ) 

and thus to 

a 

giving the equivalence of (1) and (3). The equivalence of (1) and (2) may be proved 
by a formally identical argument. □ 

5.5.3. Remark. We regard the assumption of Theorem l5.5.2l (that the conditions of 
Lemma fS.S.ll hold for all Serre weights) as a strong form of the weight part of Serre's 
conjecture, saying that each set of components of the local crystalline deformation 
rings in low weight is realised by a global automorphic Galois representation. Under 
this assumption (together with Conjecture l4.1.3p Theorem 1 5 . 5 . 2 1 may be regarded as 
saying that instances of the Breuil-Mezard conjecture (and its geometric refinement) 
are equivalent to certain R = T theorems. 

Appendix A. Realising local representations globally 

In this appendix we realise local representations globally, using potential au- 
tomorphy theorems. In the case n = 2, slightly stronger results were proved by 
analogous techniques in Section 5 of IGKllj . 

A.l. Proposition. Let K/Qp be a finite extension, and let f : Gk ~> GL„(Fp) 
be a continuous representation, with p > 2{n + 1). Then there is a CM field L 
with maximal totally real sub field L'^ , and a continuous irreducible representation 
p : Gl+ — > 5n(Fp) such that 

• each place v\p of splits in L; 

• for each place v\p of L+, i+ K and there is a place v of L lying over v 
such that 'P\gl~ — ^' 

• op = £^^"(52^^+, where 5^1^+ is the quadratic character corresponding to 
L/L+; 

• p-i(GL„(Fp) xGLl(Fp)) = GL; 
• p(GL(fp)) is adequate; 

• 1,^°"^ does not contain L{(^p); 

• if V \ p is a finite place of , then'p\G ^ is unramified. 



30 



MATTHEW EMERTON AND TOBY GEE 



Proof. Choose a finite extension ¥/¥p such that f{GK) C GL„(F). We now apply 
Proposition 3.2 of |CallOj : in the notation of that result, we take G = t/n(F), and 
we let E be any totally real field with the property that if v\p \s a. place of i?, then 
Ey = K. We let w I p be a finite place of E, and we choose a character ■ Ge„ 

such that Xw\if^^ surjects onto F^. We take F — E{Cp), and we take S to be 
the set of places of E which either divide p or else are infinite, together with the 
place w. We take ~ j ^ ^ri(F) for each infinite place v of S, and for each place 
v\p of E we let H^/Ey correspond to K /K, and let (f)^ : Gal{Hy/ Ey) — > ^?„(F) 
correspond to (r,?!"") : Gk ^ GL„(F) x GLi(F) C e„(F). We let Hy, = 
and let = {l,xj : Gal{H^/E^) -> GL„(F ) x GL i(F) C g„(F). 

Writing / E for the field denoted K in jCallOI . we see that Af+ is a totally 
real field, and that we have a surjective representation p : Gm+ ^ 0ri(F), with the 
properties that 

• for each place v\p of M^, M+ = K and there is a place v oi L lying over v 
such that pIms = 

• w splits completely in Af+, and if w'lw then o p|g + —Xy 

• for each place u|oo of Af+, Jjicy) = j, where Cy is a complex conjugation at 

• Af+ ^ does not contain A'f+(Cp). 

Define M/M+ by Gm = p"^(GL„(F) x GLi(F)). Since p(c„) = j for each complex 
conjugation Cy, we see that M is an imaginary CM field. Similarly, we see that 
each place of M+ lying over p or w splits in M. 

Now consider the character (j) := (z/op)e"~^5]^^y^^+ . By construction, we see that 

4>{cy) = 1 for each complex conjugation c„, that (f)\G + = 1 for each place v\p, and 

that 4>\i^j-t- = for each place w'\w. Replace by := Af+ , M by 

N := N~^M, and p by p|g„+- Then N'^/M'^ is a totally real abelian extension in 
which all places dividing p split completely, and it is linearly disjoint from M~^{(p) 
over M'^ (by considering the ramification at places above w). Since p\gj^^^^^ is 
certainly irreducible, p(GAr(^p)) is adequate by Proposition 15 . 1 . 2l 

To complete the proof, it suffices to choose a totally real finite Galois extension 
L+/N+ such that 

• each place of lying over p splits completely in , 

• pIg + is unramified for all finite places v \ p oi L+, and 

• L+ is linearly disjoint from N+ ^''^«+ (■^^■j Qygj. 

The first two of these conditions concern the splitting behaviour of a finite number of 
places of ^ so the existence of an extension satisfying all but the third condition is 
guaranteed by Lemma 2.2 of |Tay03| . In order to satisfy the third condition as well, 

for each of the (finitely many) Galois intermediate fields N+ ^'"^"^ (^p)/Li/iV+ 
with the property that Gal(_Li/iV+) is simple one chooses a finite place of which 
does not split completely in Li, and arranges that it splits completely in L+ (cf. 
the proof of Proposition 6 . 2 of |BLGHT09) ) . □ 
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In order to study the Breuil-Mezard conjecture globally, we need to be able to 
realise local mod p representations as part of global automorphic Galois represen- 
tations. In order to do this, we will apply the above construction, and then show 
that the representation p is potentially automorphic. This essentially follows from 
the results of [BLGGTlO] . However, the main theorems of |BLGGTT0] make no 
attempt to control the ramification of the extensions over which potential automor- 
phy is proved, but it is crucial for us that we do not change the local fields at places 
dividing p. Fortunately, a simple trick using restriction of scalars that we learned 
from Richard Taylor allows us to deduce the potential automorphy results that we 
need from those of jBLGGTlO) . 

A. 2. Conjecture. Let K/Qp be a finite extension, and f : Gk — ^ GL„(Fp) a 
continuous representation. Then f has a potentially diagonalizable lift r : Gk 
GL„(Qp) which has regular Hodge-Tate weights. 

A. 3. Remark. If n = 2 then Conjecture IA.2I is easily verified by a Galois coho- 
mology calculation (for example, any potentially Barsotti-Tate lift is potentially 
diagonalizable, and the result is then immediate in the irreducible case, and in the 
reducible case is a special case of Lemma 6.1.6 of j BLGGlO] ). We anticipate that 
a similar argument works more generally, at least in the case that (^p ^ K, and we 
understand that the details will appear elsewhere soon. 

A. 4. Lemma. Let p > 2(n + 1) be prime. Let K/Qp be a finite extension, and let 
f : Gk — ^ GL„(Fp) be a continuous representation. Assume that Conjecture IA.2I 
holds for f. Let p : Gl+ — t- Qn(^p) be the representation provided by Lemma lA.ll 
Then there is a lift r : Gl+ Gn(^p) of'p such that 

• r is unramified outside of places dividing p, and 

• if w\p is a place of L, then tIq^^ is potentially diagonalizable with regular 
Hodge-Tate weights. 

Proof This follows at once from Theorem 4.3.1 of [BLGGTlO] and Conjecture IA.2I 

□ 

At this point, we would like to apply Theorem 4.5.1 of [BLGGTTO] to establish 
that for some CM extension F/L, r\Gp is (in the terminology of [BLGGTlO]) 
automorphic. However, for our applications we need the places of L above p to 
split completely in F, which is not guaranteed by Theorem 4.5.1 of |BLGGTT0] . 
Accordingly, we need to give a slight modification of the proof of loc. cit. 

A. 5. Proposition. Maintain the notation and assumptions of Lemma IA.4I Then 
there is a CM extension F/L which is linearly disjoint from L^°''P[(^p) over L, such 
that each place of L lying over p splits completely in F, and rla^ is automorphic 
in the terminology of [BLGGTlO] . 

Proof. The proof is a straightforward modification of the arguments of jBLGGTTO] , 
specifically Theorem 3.1.2 and Proposition 3.3.1 of op. cit. We sketch the details. 
We will freely use the notation and terminology of [BLGGTlO] . As in the proof of 

Proposition 3.3.1 of [BLGGTTO] . we may choose a character ip : Gl Qp^ such 
that 

• tp is crystalline at all places above p. 
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. R := /(f|G,+ ® i4',e~"S2+l+)) : Gl+ ~> GSp^JQp) has multiplier e^-^", 
and is crystalline with distinct Hodge-Tate weights at all places lying over 

• i?(G/,+(^p)) is adequate. 

We now choose a solvable extension + of totally real fields such that 

• L'+ is linearly disjoint from L^^'' {(^p) over L^. 

• For each place v\p of {L')^, pj^ ^ ^ and ejc ^ are both trivial. 

Set L' := L{L')'^. We now employ a slight variant of the proof of Theorem 3.1.2 
of [BLGGTTO] . We let the set I of loc. cit. equal {2n}, and we put Jj^ := p, 
F = Fo = L+, = {L')+L{Cp). We then construct the scheme T of loc. cit. 

over the field {L')'^ , and set T' := Res(i')+/i+r. For each place of L"*", we 
note that T'{L^) = Iliuii; contains a non-empty open set of points which 

for each w lie over an element t e T^^\l^) with v{t) < (this follows from the 
assumption that ^ andejc ^ are both trivial) . We can then apply Theorem 

3.1.1 of [BLGGTTO] . to find a finite Galois extension of totally real fields 

in which the places of L"*" over p split completely, and which satisfies the other 
assumptions on the field F' in the proof of Theorem 3.1.2 of IBLGGTTO] . It then 
follows from loc. cit. that there is a continuous lift R' : Gp+(^]^ij+ — s- GSp2„(Qp) of 

P\Gf+(l')+ ^^^^ *h^* 

• R' is ordinary, and 

• R' is automorphic. 

Let M be a quadratic totally imaginary extension of F'^{L')'^ such that 

• all places of F+(L')+ above p split in M, and 

• M is linearly disjoint from 't""' F+ {L')+ {(p) over F+{L')+. 

It follows from Theorem 4.2.1 of |BLGGTT0] that R\gm automorphic, and then 
from Lemma 2.1.1 of |BLGGTT0] that rjcj^+j^, is automorphic. Since the extension 
F+L'/F+L is solvable, it follows from Lemma 1.4 of |BLGHT09| that r\G^+^ is 
automorphic. Since the places of L"*" over p split completely in F~^ , the claim follows 
upon taking F = F^L. □ 

A. 6. Corollary. Suppose thatp > 2(n+l), that K/Qp is a finite extension, and let 
f : Gk GL„(Fp) he a continuous representation for which Conjecture IA.2I holds. 
Then there is an imaginary CM field F and a continuous irreducible representation 
J) : Gp+ — > t?„(Fp) such that 

• each place v\p of F~^ splits in F, and has F^ = K, 

• for each place v\p of F^ , there is a place v of F lying over v with p|gf~ 
isomorphic to f, 

• 'p is unramified outside of p, 
p-i(GL„(Fp) xGLi(Fp)) = Gf, 
'p{Gp^(^^'j) is adequate. 



• F ^ does not contain F{(^p), 



• p is automorphic in the sense of Definition 15.3.11 and in particular po p = 



t "p/p+- 



Proof. This follows from Proposition IA.5I and the theory of base change between 
GL„ and unitary groups, cf. Proposition 2.2.7 of |Ger09) . □ 
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